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Bowen Kerins, Education Development Center

This problem comes from Nelson Blachman, and I learned of
it through the New York Times’ fine Numberplay blog:

An entrepreneur has devised a gambling machine that
chooses two independent random variables x and y
that are uniformly and independently distributed be-
tween 0 and 100. He plans to tell any customer the
value of x and to ask him whether y > x or x > y.

If the customer guesses correctly, he is given y dollars.
If x = y, hes given y/2 dollars. And if hes wrong about
which is larger, hes given nothing.

The entrepreneur plans to charge his customers $40
for the privilege of playing the game. Would you play?

The first thing that came to mind for me with this problem
is area: each value of y is paid by its value. If the y values were
integers, it would look a little like this staircase, but with 100
steps instead of 5:

In the picture, each of 1-5 is worth 1-5. With more steps, and
with y actually being any number from 0 to 100 instead of just
integers, instead it looks like this right triangle:
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This also lets you ignore the “equal” case, which happens with
probability 0. If we could just get paid based of the value of y,
making a correct decision every time, the expected value for the
game is $50 (half of 100). But, we have to pick higher or lower
based on x.

The value of x is marked as a vertical line, and the correct
decision (to pick higher or lower) is to decide whether region A
or B has larger area. To determine the right cutoff, region A
is a similar triangle and should have half the area of the large
triangle. That makes the cutoff value

x =
√

1/2 =
√
2/2

But x moves. For each value of x between 0 and 100, the
correct decision and area can be computed. Take each x as a
slice of a larger picture, a three-dimensional shape. The overall
shape is a triangular prism, sliced. Someone with 3-D drawing
can do this better, but here’s a picture of some of the slices:
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The shape determined by Region A (picking “lower”) is a
triangular pyramid stuck inside the prism. Its volume is 1/3
the volume of the prism. The shape determined by Region B
(picking “higher”) doesn’t have a name I know, but its volume
is “whatever isn’t in the pyramid”. The total volume is 2/3 the
volume of the prism. That means a strategy of “always pick
higher” is worth $33.33, not enough to make the game viable.

The actual volume we’re interested is made up of all the larger
slices between the A’s and B’s. For small x, it’s clearly B, and
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for large x, it’s clearly A. The switch-over happens at the cutoff
value, just over 70% of the way across.

How much B is there to the left of the cutoff? It’s easier to say
how much A there is, then subtract. Like the similar triangle,
Region A left of x =

√
2/2 is a similar pyramid, so its volume is

(
√
2/2)3 =

√
2/4

of the original pyramid, or
√
2/12 of the prism. Left of the cutoff

is
√
2/2 of the prism, so Region B left of the cutoff makes up

√
2/2−

√
2/12 = 5

√
2/12 ≈ 58.9% of the prism’s volume

Now, how much A is there to the right of the cutoff? The
similar pyramid gives us this answer, too. Region A left of the
cutoff had

√
2/12 of the prism, and the pyramid makes up 1/3

of the prism. Region A right of the cutoff makes up

1/3−
√
2/12 = (4−

√
2)/12 ≈ 21.6% of the prism’s volume

Adding these together gives you the total

(4 + 4
√
2)/12 = (1 +

√
2)/3 ≈ 80.5% of the prism’s volume

The expected value of the game was $50 if there was no
guessing required. With this strategy the player can earn 80.5%
of this value, $40.24 rounded or exactly 50(1 +

√
2)/3.

Another option that can be explored in this direction is the
result when the player chooses their “higher or lower” cutoff
at a different place instead of the ideal. By setting the cutoff
at 0 ≤ k ≤ 1 instead of

√
2/2, the proportion of volume is a

function of k:

V (k) =
1

3
+ k −

2

3
k3

Try k = 0 and k = 1 to verify it’s giving the right numbers
for the “all-lower” and “all-higher” strategies, and it gives 0.75
for k = 1/2. Solving V (k) ≥ 0.8 gives all possible cutoffs that
the player could use, and solving V ′(k) = 0 with calculus gives
the previously found best cutoff.
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